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Abstract:  
 
General equations of the unified field theory, based on the curved and torsional space-time, are 
presented. They contain only independent geometrical parameters (metric and connections) of 
metric-affine space, and describe the distribution and motion of matter, which represents the 
curvature and torsion of the space-time. Equations, describing spherically symmetric fields, are 
derived for various cases: a gravitational field in vacuum, arbitrary material field, and massless 
fluid with spin. Equations, describing the uniform isotropic field, are derived for closed and 
open uniform isotropic models of the universe for the gravitational field in vacuum, for an 
arbitrary material field, and massless fluid with spin. The respective solutions without 
singularities were obtained for these cases. It is shown that there is no necessity to quantize the 
obtained general equations. Applying the concept of the unified geometrical field, the 
hypothetical qualitative explanations of some non-conventional phenomena are proposed.        
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1. Introduction 
 
Our objective is to obtain equations of the unified field theory, based on 4-dimensional general 
metric-affine space with curvature and torsion, and solve these equations for some special 
cases describing distribution and motion of matter. We proceed on the basis of the unified 
geometrical field theory (developed by Einstein, Eddington, Weyl, Schrodinger, Heisenberg, 
and others), assuming that gravitational field, all physical interactions (weak, electromagnetic 
and strong), transmitted by bosons, and sources of these interactions, i.e. fermions with half-
integer spin (electrons, nucleons, etc.), are merely the manifestations of the unified field. Thus, 
elementary particles are just stable local states of “excitation” of the space-time unified 
geometrical field. In other words, elementary particles are something like “geometrodynamic 
excitons” – quasi-particles of this theory, i.e. local concentrations of strength/energy of the 
space-time unified geometrical field.  
 
Following Clifford, Riemann, Cartan, Einstein, Wheeler, Ivanenko, Hehl, Obukhov, 
Vladimirov, and others, we assume that this unified field, combining all known interactions 
and elementary particles, is the curved space-time with torsion and non-symmetric geometrical 
parameters [1-15].  
 
Such curved and torsional space-time can be represented in a general case by 4-dimensional 
metric-affine space G4. Some specific cases of this space, the Weyl-Cartan space, Weyl space, 
Riemann-Cartan space U4 , and others, were used in different non-symmetric unified field 
theories, e.g. in the Einstein-Cartan theory. Concept based on such space, should not be 
regarded as an alternative to General Relativity (GR), but rather as its natural extension, 
obtained by removing the constraint of the symmetry of the connections. As result, it preserves 
the main advantages of GR, but at the same time, solves many GR problems, for example, it 
prevents singularities in black holes and at the Big Bang/Bounce. 
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2. General equations 
 
The most natural way to obtain general equations, determining the curvature and torsion of the 
space-time unified geometrical field, represented by metric-affine space G4 and describing the 
respective distribution and motion of matter, is to use the principle of least action [16].  
 
The classical Lagrangian L has the following form: 
    ( )Λ+−= 2RgL ,  ikgg = , ikik gRR = , lmkmilmlmlikk
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where ikR is the Ricci tensor, R is the scalar curvature, g
ik
 and ikg  are respectively the 
contravariant and covariant metric tensors, li
kl
ik gg δ= , g is the determinant formed from the 
ikg  quantities, Γkl
i
 are affine connections, Λ≈10-52m-2 is the cosmological constant, all 
mentioned geometrical parameters are in general case the non-symmetric ones.  
 
Since Λ is small, the presence of this term affects insignificantly all physical fields over not too 
large regions of the space-time, however it leads to appearance of the “cosmological” solutions 
describing the Universe as a whole.  
 
Lagrangian (1) has many limitations; therefore various more complex Lagrangians have been 
proposed [6-13], e.g. Lagrangians containing sums of invariants constructed from quadratic 
and more complex terms (Poincare gauge field strength). However, each of these novel 
Lagrangians has significant drawbacks. Einstein [1] asserted that more complex Lagrangians 
should be analyzed only if there are some rigorous and well-grounded physical causes based on 
the compelling experimental evidences. However, so far, there are no cogent and convincing 
reasons, observational or theoretical, for such a change in the form of the fundamental 
equations of the theory that have a profound physical significance. 
 
The field equations in G4 space can be derived from the variational principle for action S with 
Lagrangian (1), where the metric tensor g ik  and non-symmetric affine connections Γkl i are 
considered a priori the independent variables [1-15]. It means, that now in G4 space we have 
torsion ijkS , i.e. the antisymmetric part of the affine connection coefficients: 
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We also have a contorsion kijjkiijkijk SSSK +−= , i.e. difference between a connection with 
torsion and a corresponding connection without torsion. Moreover, there is now no metricity 
condition [1-2, 10, 14, 17], i.e. the non-metricity tensor likQ  (covariant derivative of metric 
tensor ikl g∇ , measuring the compatibility of independent geometrical parameters ikg  and
l
ikΓ  
in G4 space, is not equal to zero: 
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Thus, we will vary action S  by metric ikg  and connections Γkl
i
 independently (the Palatini 
principle). Action S should be invariant under the general coordinate transformations combined 
with the local Lorentz rotations. Recall, that action S  of the system with Lagrangian L equals: 
                                                                      ∫= xdLS
4
,                                                          (4) 
where d x4  is the 4-dimensional volume element. 
 
Variation of action (4) by metric ikg  yields 
                                                            
0
2
1
=Λ−− ikikik gRgR .                                               (5) 
Equations (5) are similar to the well-known Einstein equations in the Riemannian space V4 
without matter and with cosmological term, but now they are obtained for the metric-affine 
space G4 with torsion.   
 
Using results from [1-15] and varying action (4) by connections Γkl i, we obtain  
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,0δ   is the Kronecker tensor.  
 
Thus, not assuming a priori any symmetry in the connections Γkl
i
, metric ikg  and any 
correlation between ikg  and Γkl
i
 in G4 space, we obtained the following:  
1. The Einstein equations (5) with cosmological term after variation of action (4) by ikg . 
System (5) contains in a general non-symmetric case sixteen partial differential equations 
with sixteen unknown functions ikg  and sixty four unknown functions Γkl
i
.  
2. Equations (6), connecting the geometrical parameters (metric g ik  and connections Γkl i) of 
G4 space, as a result of variation of action (4) by Γkl i. System of equations (6) contains in a 
general non-symmetric case sixty four partial differential equations with sixty four 
unknown non-symmetric functions Γkl
i
 and sixteen unknown functions g ik . Equations (6) 
do not contain terms with cosmological constant Λ, because the respective cosmological 
term in Lagrangian (1) does not depend on the connections.  
 
Note that equations (6) are similar to different types of the respective equations, connecting g ik  
with Γkl
i
 and obtained in [1-2, 8-14] for various non-symmetric unified field theories.  
 
Emphasize, that the Einstein equations of GR, equations of the Einstein-Cartan theory of 
gravitation with torsion, and equations of various non-symmetric topological gravitational 
theories and gauge field theories [1-15] are dual. It means, their left-hand sides are related only 
to the geometry of the space-time, while the right-hand sides are related only to the matter, 
which represents the external source of the space-time geometry. As result, the matter and 
geometry are kept separate. This “inconsistency” has been noticed a long time ago by Einstein 
and others, and they tried to solve this problem.  
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Unlike all mentioned theories, equations (5)-(6), obtained in G4 space, do not possess such a 
duality. They contain only the geometrical parameters: metric ikg  and non-symmetric 
connections Γkl
i
 of G4 space. It means, these equations describe the distribution and motion of 
matter, which, in turn, represents the curvature and torsion of the space-time. Equations (5)-(6) 
contain in a general case eighty transcendental partial differential equations with eighty 
unknown functions ikg  and Γkl
i
. These equations are valid for metric-affine space G4 with 
torsion and non-symmetric geometrical parameters. Most probably, the torsion field represents 
the spin properties of matter; and may be the spinor theory should be included in general 
unified field theory for description of fermions.  
 
Usually, there are some considerations (related to ikg  symmetry, Γkl i symmetry, choice of the 
reference system, coordinate transformations, and other factors), which allow decreasing the 
number of equations and unknowns.  
 
Equations (5)-(6) match with the GR equations for a limiting case in V4 space, where equations 
(6) are reduced to the metricity condition 0=∇ ikl g (compare with non-metricity tensor (3)), 
and connections Γkl
i
 become symmetric ilk
i
kl Γ=Γ (compare with torsion (2)).  
 
Emphasize that G4 geometry of the space-time arises naturally as a gauge theory for general 
affine group [6-15]. For example, some of the gauge gravitational theories, based on the 
relativity and equivalence principles and associated with the Poincare group (and/or the 
Lorentz group), lead not to the GR, but to its metric-affine generalization, i.e. to the theory 
with torsion [12-14]. Note that multidimensional theories of Kaluza-Klein type can be also 
interpreted as geometrical gauge fields [12, 15]. However, all attempts to describe gravitation 
by using various gauge theories encounter serious problems [7-15]. In general, over the last 
five decades many different formulations of gravity with torsion have emerged. Since there are 
so many different theories, it is natural to assume that most of them are probably wrong.  
 
Also note that, despite its successes in describing the macroscopic gravitational phenomena, 
the Einstein’s GR still lacks the status of a fundamental microscopic theory, because of the 
quantization problem and the existence of singular solutions under very general assumptions. 
Among many attempts to overcome these difficulties, various multidimensional theories and 
gauge theories of gravity are especially attractive, as the concept of the gauge symmetry has 
been very successful in the foundation of other fundamental interactions.  
 
3. Spherically symmetric fields  
 
3.1. Field equations 
Analyze equations (5)-(6) for spherically symmetric non-stationary field in G4 space. In such 
case, in the 4-dimensional spherical coordinates ctx =0 , x r1 = , x 2 = θ, and ϕ=3x  (where c 
is the speed of light), we have only diagonal non-zero components of metric tensor [16]: 
     
( )[ ]trg ,exp00 ν= , ( )[ ]trg ,exp11 λ−= , 222 rg −= , θ2233 sinrg −= , liklik gg δ=  , 
        ( )[ ]trg ,exp00 ν−= , ( )[ ]trg ,exp11 λ−−= , 222 −−= rg , θ2233 sin−−−= rg ,                (7) 
where ( )tr,ν  and ( )tr,λ  are the unknown functions describing the space-time geometry. 
5 
 
As one can see from (7), in the case of spherically symmetric field, the metric components g00, 
g11, g00, and g11, depending on functions ( )tr,ν  and ( )tr,λ , may have singularities; and these 
singularities will be the real physical singularities, not the fictitious ones which can be removed 
by coordinate transformation.  
 
Due to a spherical symmetry of the analyzed field, the number of equations in (5)-(6) and 
number of unknowns are much less than respective numbers in a general non-symmetric case.  
 
Substituting (7) in (6), one obtains the following expressions for connections Γ jk i  
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where four connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  are undetermined, all other 
i
jkΓ  are equal to zero, 
the prime on a symbol denotes differentiation with respect to r , and the dot on a symbol 
denotes differentiation with respect to t. 
 
Four undetermined quantities 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  appear in solution (8), because number of 
the independent equations in system (5)-(6) for spherically symmetric field, unlike any general 
non-symmetric field, is less than number of the variables. Probably, this indefiniteness is 
similar to the indefiniteness mentioned in [18], where in the presence of curvature and torsion, 
the space of the Lorentz connections is the affine space, and consequently one can always add 
a tensor to a given connection without destroying the covariance of the theory.  
 
From (5), (7), and (8) one can obtain equations for spherically symmetric field in G4 space: 
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where the double prime on a symbol denotes double differentiation with respect to r , and the 
double dot on a symbol denotes double differentiation with respect to t.      
     
Note that the fourth equation in (9) is similar to the third one; it means it is not independent, 
and therefore can be disregarded.  
 
System (9) was obtained from equations (5)-(6) at the condition that cosmological constant Λ 
equals to zero, because the “cosmological term” ikgΛ  in (5) is related, probably, to the 
“vacuum space-time”, since vacuum has non-zero energy, i.e. non-zero mass. However, the 
“vacuum mass” is significant only on a cosmological scale; so term ikgΛ  in (5) can be 
neglected on the smaller scale of spherically symmetric field.   
 
Now analyze system (9) for two different cases:  
 
1. There are no singularities in functions ( )tr,ν  and ( )tr,λ . But if ( )tr,ν  and ( )tr,λ  are 
continuous functions, then, because of the Clairaut theorem based on the continuity 
condition, their second-order successive mixed partial derivatives with respect to different 
variables are equal: 
                           
( ) ( )
rt
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tr
tr
∂∂
∂
=
∂∂
∂ ,, 22 λλ
    and       ( ) ( )
rt
tr
tr
tr
∂∂
∂
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∂∂
∂ ,, 22 νν
.                              (10) 
 
2. There are singularities in functions ( )tr,ν  and ( )tr,λ . It means that ( )tr,ν  and ( )tr,λ  are 
now the discontinuous functions, and therefore their second-order successive mixed partial 
derivatives with respect to different variables are not equal: 
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      and       ( ) ( )
rt
tr
tr
tr
∂∂
∂
≠
∂∂
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3.2. Gravitational fields in vacuum with functions ( )tr,ν  and ( )tr,λ  without singularities 
In the case, when there are no singularities in functions ( )tr,ν  and ( )tr,λ , the first six 
equations in system (9) containing these functions and their derivatives, can be significantly 
simplified. It is also necessary to make an assumption regarding the undetermined connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ . To obtain from (8) and (9) the simplest of all solutions (i.e. solution 
related to the minimal curvature and torsion of the space-time), we assume that   
                                                         
Γ Γ Γ Γ00
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3 0= = = =
                                             (12) 
 
Substitution of (12) in (8) gives 
2
''0
01
λν −
=Γ , 
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'0
10
ν
=Γ , ( )λνν −=Γ exp
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00 , ( )( )νλνλ && −−=Γ exp4011 c ,     
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,   ( )νλ && −=Γ
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c
,  ( )νλ && −=Γ
4
2
20
c
,  ( )νλ && −=Γ
4
3
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c
,                 (13) 
( )λ−−=Γ exp122 r ,  ( )Γ331 2= − −r sin expθ λ ,  Γ Γ122 133 1= =
r
,  Γ Γ21
2
31
3 1
2
= = −
r
λ'
,  
Γ33
2
= − sin cosθ θ,  Γ Γ23
2
32
3
= = cot θ,   all other Γjk i  are equal to zero. 
  
Assumption (12), leading to solution (13), can be explained as follows. The different sets of 
connections Γjk
i
 are related to the various degrees of curvature and torsion of the space-time. 
Formulae (13) represent the simplest set of Γjk i , because any other set of connections Γjk i , 
which is not based on condition (12), leads to a more complex solution. Therefore, solution 
(13) is the simplest one, and it corresponds to the minimal curvature and torsion of the space-
time, describing the gravitational spherically symmetric field in vacuum, i.e. the pure 
gravitational field outside of the masses producing this field. Any other field creates also a 
gravitational field. This means, that curvature and torsion of the space-time, related to such 
more complex “mixed” field, and the respective set of connections Γjk
i
, must be also more 
complex. Recall that a gravitational field is the unique one among various physical fields, 
because it does not lead to the appearance of any other fields. In this sense, it is the “simplest” 
physical field, and it corresponds to the space-time with minimum curvature and torsion.  
 
Substituting (13) in (9) and assuming that ν and λ are continuous functions, we obtain 
[ ] ( ) 01exp1' =+−− λλr  
                                                                                  
[ ] ( ) 01exp1' =−−+ λνr                                                                    
                                               
( ) 0''''
2
'
2
''
2
=+−−+ νλλννν rrr
                                           (14) 
νλ && =
 
 
The third equation in (14) is not an independent one; it can be derived from the first and second 
equations. The forth equation in (14) was obtained after adding the fifth and sixth equations in 
(9). Note, that adding the first and second equations in (14), we obtain 0=′+′ νλ . Function 
( )rλ  can be obtained from the first equation in (14); then function ( )rν  can be determined 
from the second equation in (14). 
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Equations (14) coincide with the Schwarzschild equations for spherically symmetric field in 
vacuum (i.e. gravitational field without matter) in the Riemannian space V4 [16]. It is not 
surprising, since both systems of equations were obtained for pure gravitational spherically 
symmetric field.  
 
Using these considerations, the stationary solution of equations (14) can be presented as 






+
=
1
ln
Cr
rλ  ,   




 +
=
r
CrC 12lnν  ,    respectively    
                       ( )
r
CrC
g
g 120000
1
exp +===ν  ,  ( )
1
1111
1
exp
Cr
r
g
g
+
=−=−=λ   ,             (15) 
where C1 and C2 are the constants which can be calculated using the boundary conditions. 
 
Further we will analyze only metric tensor components g00 and g11 because they determine the 
main parameters of centrally symmetric field in spherical coordinates. 
 
Formulae (15) show that spherically symmetric gravitational field in vacuum is automatically 
stationary. It just confirms the Birkhoff's theorem, which states that any spherically symmetric 
solution of the field equations in vacuum must be stationary and asymptotically flat. Physically 
it means that, first of all, the field should vanish at large distances and, secondly, if spherically 
symmetric gravitational field is not stationary, then it will collapse with time in one center 
point. Note that the Birkhoff's theorem can be generalized on a spherically symmetric solution 
of the material field. 
 
Solution (15) in G4 space corresponds to pure gravitational spherically symmetric stationary 
field (i.e. gravitational field in vacuum). Such a field can exist either at the large r  values 
outside of the masses producing this field, or at the small r  values in the interior of a spherical 
cavity within a centrally symmetric distribution of masses producing this field. In the first case, 
we have an extremely dispersed field, i.e. a weak stationary gravitational field at large 
distances from the bodies that produce it. Consequently, the space-time, related to such field, 
must be maximally uniform and simple. In the second case, we obtain gravitational field in a 
cavity, inside spherically symmetric distribution of bodies producing this field.   
 
Recall, that in order to analyze the spherically symmetric distribution of matter, we cannot use 
solution (15), we should obtain an appropriate solution of equations (9), where we cannot use 
condition (12) anymore, because it is valid only for pure gravitational field in vacuum.  
 
Now return to formulae (15), describing gravitational spherically symmetric stationary field in 
vacuum in G4 space. To obtain from (15) a solution for the large r , one can use the ordinary 
boundary conditions: the Newton’s expressions for metric at r=∞ [16]. As result, we will 
obtain the following constants: C1=-rg  (where rg  is the gravitational radius) and C2=1. It yields 
solution (15) coinciding with the Schwarzschild solution for centrally symmetric stationary 
gravitational field in spherical coordinates in vacuum away from its material sources:  
                                
( )
r
rr
g g
−
== νexp00    and   ( )
grr
rg
−
−=−= λexp11                            (16) 
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Note that solution (15) at very large r coincides, as it should be expected, with the Galilean 
metric components in spherical coordinates 
                                                             g00=g00=1, g11=g11= -1                                                 (17) 
 
Formulae (17) describe a flat space-time without any curvature and torsion at the large 
distances from the masses producing this field. It means that even a gravitational field does not 
exist in this area. 
 
To obtain a physically reasonable solution at the small r  in the interior of a spherical cavity 
within centrally symmetric distribution of the gravitating masses, one should use formulae (15) 
and the boundary conditions, which exclude singularities of metric components at r = 0. The 
absence of singularities is natural for any closed physical theory. To satisfy it, we should 
assume that in (15) coefficients 01 =C  and C2=1. Then we obtain the Galilean metric (17) 
within this spherical cavity. This result means that there is just a flat space-time without any 
curvature and torsion inside such spherical cavity. However, a flat space-time means that even 
a gravitational field does not exist in this area. This is physically reasonable, because even in 
the Newton’s theory there is no gravitational field inside any spherically symmetric cavity 
within the centrally symmetric distribution of masses.  
 
Thus in general, we can conclude that metric, obtained in G4 space, unlike the respective 
solution of the Einstein equations in the Riemannian space V4 in GR, gives no singularities for 
spherically symmetric stationary gravitational field at r=0 and r=rg. It means that such 
disputable phenomena as gravitational collapse and black hole formation do not exist for this 
field in G4 space. Probably it occurs because, unlike the GR, torsion violates the energy 
conditions of the Penrose-Hawking theorems; and therefore singularities may be avoided. 
Recall that it is also possible, because of the torsion, to obtain solutions without singularities in 
the Einstein-Cartan theory in U4 space [10].  
 
Generically, the results obtained in sections 3.1 and 3.2, endorse the concept that metric-affine 
space G4 with curvature and torsion describes distribution and motion of matter. These results 
also confirm logic of general formulae (5)-(6), correctness of equations (9) and (14) for 
spherically symmetric field, and accuracy of respective solution (15), because this solution is 
stationary, does not contain singularities, and in the limit coincides with the Schwarzschild 
solution. Obtained results also back the validity of assumption (12) that the simplest set (13) of 
connections Γjk
i
 is related to physical field with minimum curvature and torsion, i.e. to 
spherically symmetric stationary gravitational field in vacuum.  
 
3.3. Material field in space with functions ( )tr,ν  and ( )tr,λ  without singularities 
Now let us try to solve system (9), describing not a gravitational spherically symmetric field in 
vacuum, but an arbitrary material spherically symmetric field with functions ( )tr,ν  and ( )tr,λ  
without singularities. In case of a material field, we cannot use condition (12), which is valid 
only for gravitational field in vacuum. Nevertheless, system (9) can be simplified as follows.  
 
First of all, simplify the first two equations in (9), then note that the third and fourth equations 
in (9) are similar, after that add the fifth equation in (9) to the sixth equation, and finally 
subtract the fifth equation in (9) from the sixth equation.  
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As result, the complex system (9) will be reduced to the following rather simple system of 
equations: 
[ ] ( ) 01exp1' =+−− λλr , 
                                                        [ ] ( ) 01exp1' =−−+ λνr ,                                               
( ) ( ) ( ) ( ) 0
2
exp
2
'
2
''
2
'
''
222
=








−+
−
−−




 ′−
+−+ νλνλνλλνλννν &&&&&
&c
r
,           
     νλ && = , 
( ) 022
0
00
1
11
2
=
Γ
−
Γ
+
∂∂
−∂
rt
c
rt
c ∂
∂
∂
∂λν
, 
                                                            
0
0
00
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
t
c ,                                                   (18)   
                                                           
0
0
00
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
t
c ,                                                       
                                                              
0
1
11
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
r
,                                                     
    
0
1
11
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
r
,                                                     
    
0
2
22
3
33
=
Γ
−
Γ
ϕ∂
∂
θ∂
∂
 
 
If we substitute the forth equation in (18) in the third equation, then the first four equations in 
system (18), describing a material spherically symmetric field, will match with equations (14), 
describing a gravitational spherically symmetric field in vacuum. Then the left term in the fifth 
equation, presenting the second-order successive mixed derivative, becomes equal to zero.  
 
Thus, the first four equations in (18) (or equations (14)) determine functions ( )tr,ν  and ( )tr,λ
while the last six equations in (18) determine four connections 333222111000 ,,, ΓΓΓΓ . 
Respectively, the obtained results for functions ( )tr,ν  and ( )tr,λ  and metric components g00 
and g11 will coincide with solution (15), presented above and describing stationary spherically 
symmetric pure gravitational field with metric without singularities. It means that metric of 
spherically symmetric arbitrary material field can be determined using only the first four 
equations in (18), i.e. this metric depends only on the gravitational field and does not depend 
on the matter. In other words, the spherically symmetric arbitrary material field will be 
stationary and asymptotically flat, which confirms the generalized Birkhoff's theorem.   
 
However recall, that in order to determine the whole geometry of a material field in spherically 
symmetric metric-affine space G4 with curvature and torsion, we need all ijkΓ from (8) and four 
unknown 333
2
22
1
11
0
00 ,,, ΓΓΓΓ , which should be determined from the last six equations in (18).  
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Using considerations concerning system (14) and presented above, equations (18) can be 
simplified, and the final system of equations, describing spherically symmetric material field in 
G4 space with functions ( )tr,ν  and ( )tr,λ  without singularities, can be presented as follows: 
 
( ) 0exp1' =+− λλr , 
                                                           ( ) 0exp1' =−+ λνr ,                                                    
                                                           
0
0
00
1
11
=
Γ
−
Γ
rt
c ∂
∂
∂
∂
,                                                    
                                                            
0
0
00
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
t
c ,                                                      
                                                           
0
0
00
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
t
c ,                                                   (19)   
                                                              
0
1
11
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
r
,                                                     
    
0
1
11
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
r
,                                                     
    
0
2
22
3
33
=
Γ
−
Γ
ϕ∂
∂
θ∂
∂
 
 
Emphasize, that using (19), four connections 333222111000 ,,, ΓΓΓΓ  cannot be determined 
uniquely. It means these four connections may have different forms, i.e. they may be related to 
different spherically symmetric material fields. 
 
Note that formulae (19) and (8) describe the general case – spherically symmetric arbitrary 
material field, while formulae (12), (13), (14), which can be derived from (19), (8) as a 
particular case, describe the respective particular case – spherically symmetric pure 
gravitational field.  
 
3.4. Material field of massless stationary fluid with spin  
Now solve equations (19) for a very simple stationary material field without using assumption 
(12). The first two equations in (19) coincide with (14), i.e. they describe spherically 
symmetric gravitational field in vacuum. Their stationary solution is given by formulae (15), 
where metric components g00 and g11 for such field are determined. All non-zero connections 
i
jkΓ , except four 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ , are presented in (8).  
 
The remaining four connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  (and respectively, twelve other ijkΓ in (8) 
depending on them) should be obtained from the last six equations in (19), describing 
spherically symmetric stationary distribution of the matter. However, these equations do not 
have a unique solution. They provide various solutions for different sets of connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ , related to different material fields. Such indefiniteness is probably similar 
to the one described in [18].  
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In order to determine from (19) the remaining four unknown connections 333222111000 ,,, ΓΓΓΓ , 
presenting some material spherically symmetric stationary field, the following technique can 
be used. Compare at first the unified field equations (19) in G4 space with the equations, 
describing the same material field in a simpler space by using the energy-momentum (stress-
energy) tensor Tik , then determine four 333222111000 ,,, ΓΓΓΓ  in this simpler space in terms of 
Tik  components, and finally make some conclusions regarding four unknown connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  in G4 space.  
 
Since equations (19) in G4 space are anti-symmetric, the respective system of equations in a 
simpler space containing tensor Tik , should be also anti-symmetric. Furthermore, tensor Tik , 
describing this spherically symmetric stationary material field, should be also anti-symmetric.  
Any stationary material field should be also massless [1]. On the other hand, only matter with 
spin has the anti-symmetric tensor Tik . Therefore, only the massless Weyssenhoff fluid with 
spin [19] can play the role of the desired material field [8-11]. Although such fluid (consisting 
e.g. of the massless spin-1 photons or massless spin-1/2 neutrinos) is not usually admissible in 
the real situations, the general solution of this problem has a considerable methodological 
interest. To describe the Weyssenhoff fluid [19], the Riemann-Cartan space U4 should be used, 
because the Einstein-Cartan theory typically operates with the spinning matter.   
 
Two systems of equations (in G4 space and in U4 space) must be equivalent, because both 
provide just different descriptions of one and the same physical field. The reasoning presented 
in [10], confirms the idea that these two systems are actually equivalent. This equivalency 
allows determining four unknown connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  in (19) in G4 space, if 
connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  in U4 space are known. This equivalence might be also 
viewed as an isometry transition from the affine group to the Lorentz group [17].  
 
To realize the described approach, let us, first of all, obtain system of the Einstein-Cartan 
equations describing spherically symmetric stationary massless fluid with spin in U4 space. 
Start from the ijkΓ  calculations in U4 space for spherically symmetric stationary field, using the 
following equations [10-11]: 
                                                    
i
jk
i
jk
i
jk
i
jk SSSjk
i
+−+






=Γ    ,                                          (20) 
where ( )ikjijkijkS Γ−Γ= 2
1
 is the Cartan’s torsion tensor (see (2)), quantities i jkijkijk SSS ,,  are 
connected to each other by the indices alteration, and 






jk
i
 are the Christoffel symbols of the 
second kind
 
in the Riemannian V4 space for spherically symmetric stationary field expressed in 
terms of the metric tensor by standard formula [16]: 
                                              





∂
∂
−
∂
∂
+
∂
∂
=






m
kl
k
ml
l
mkim
x
g
x
g
x
ggjk
i
2
1
.                                           (21)   
  
At these conditions, equations (20) have the following stationary solution 
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0
00
3
30
2
20
1
10 Γ=Γ=Γ=Γ , 
3
33
2
23
1
13
0
03 Γ=Γ=Γ=Γ , 
                              
2
22
1
12
0
02 Γ=Γ=Γ ,  Γ Γ32
3
22
2
= +cot θ , 111
0
01 2
'' Γ+−=Γ λν ,                        (22) 
                  
1
11
3
31
2
21 2
'1 Γ+−=Γ=Γ λ
r
,  ( )λνν −=Γ exp
2
'1
00 ,  ( )Γ221 = − −r exp λ ,                    
                                        
( )Γ331 2= − −r sin expθ λ ,  Γ332 = − sin cosθ θ,                                   
where connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  are undetermined, and all other 
i
jkΓ  are equal to zero.  
 
Using (22), all components of the curvature tensor ikR  can be calculated by formula (1). It 
yields the following system of the Einstein-Cartan equations in U4 space for spherically 
symmetric stationary massless fluid with spin: 
( ) ( ) ( ) ( ) ( ) 0]1exp1'[expexpexp1'
2
1
2220000 =+−−=+−





−=− λλννλνλ r
rrrr
RgR
 , 
                      
( ) ( ) ( ) 0]1exp1'[1exp1'
2
1
2221111 =−−+=−





+=− λνλν r
rrrr
RgR
   ,                    
( ) ( ) 0
2
exp
''
2
''
2
'
''
2
1 2
2222 =
−






+−−+=−
λ
νλλννν rrrrRgR
  , 
                      
( ) ( ) 0
2
sinexp
''
2
''
2
'
''
2
1 22
3333 =
−






+−−+=−
θλ
νλλννν rrrrRgR
  ,            
                         01
0
00
101010010101 2
1
2
1 kT
r
RRgRRRgR =Γ−=−≡+−=≡− ∂
∂
     ,                  (23)                  
02
0
00
202020020202 2
1
2
1 kTRRgRRRgR =Γ−=−≡+−=≡−
θ∂
∂
  , 
                           03
0
00
303030030303 2
1
2
1 kTRRgRRRgR =Γ−=−≡+−=≡−
ϕ∂
∂
  ,                    
12
1
11
2
22
212121121212 2
1
2
1 kT
r
RRgRRRgR =Γ−Γ=−≡+−=≡−
θ∂
∂
∂
∂
  , 
                      13
1
11
3
33
313131131313 2
1
2
1 kT
r
RRgRRRgR =Γ−Γ=−≡+−=≡−
ϕ∂
∂
∂
∂
 ,                                               
23
2
22
3
33
323232232323 2
1
2
1 kTRRgRRRgR =Γ−Γ=−≡+−=≡−
ϕ∂
∂
θ∂
∂
  , 
where Tik  are components of the energy-momentum tensor of the massless spinning fluid in U4 
space, k=8πG/c4=2.07·10-48 s2/g·cm is scaled gravitational constant, and G=6.67·10-8 cm3/g·s2 
is the gravitational constant. 
 
Equations (23), valid in U4 space, are similar to equations (9) or (19) in G4 space, because the 
first four equations in both systems match, and the left-hand sides of the remaining equations 
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in both systems are identical for the stationary field with functions ( )tr,ν  and ( )tr,λ  without 
singularities. Both systems (9) and (23) are equivalent and describe one and the same physical 
phenomenon – spherically symmetric field of the massless fluid with spin.  
 
It allows assuming that their respective solutions (expressions of four 333222111000 ,,, ΓΓΓΓ  in 
U4 space and G4 space) should be also equivalent. From the point of view of metric-affine 
formalism, the both geometries are totally equivalent, and therefore one can equally work in U4 
space or in G4 space [17]. Thus, we can determine four unknown connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  in (19) in G4 space, if these connections in (23) in U4 space are known, 
i.e. if they are expressed in the terms of tensor Tik  components.  
 
To solve system (23) and express four 333222111000 ,,, ΓΓΓΓ  in the terms of tensor Tik , one 
should at first obtain the energy-momentum tensor Tik  of spherically symmetric stationary 
massless spinning fluid. To calculate tensor Tik  components, the following formulae from [7, 
19] can be used: 
         ( ) ,, αββαβαββαβαβαβααββαα
α
lmlmlmml
lm
lmlm
kmilik FFFF
x
FTTggT Γ−Γ+Γ+Γ+Γ+
∂
∂
==  
    ( ) ( ) ( ) ( )[ ],,,,,,, 123123 rCrBrASSSSuSSSSSF ===+−= αβµαβαβµαµνναµµναµνα        (24)                                                          
                           ( ) ( ) ( ) ( )[ ] 





=−−−= 0,0,0,1,,,,,
00
211332
g
urCrBrASSS µ ,                       
where αβS  is the internal angular momentum (spin) tensor of the massless Weyssenhoff 
spinning fluid, functions A(r), B(r) and C(r) are the components of the spin vector [19] 
depending only on radius r, and µu  is the 4-dimensional velocity of the stationary field. 
  
Formulae (24) allow obtaining all components of tensor Tik  of the stationary spherically 
symmetric massless Weyssenhoff fluid with spin [19]: 
           
( ),exp3,0 20002112300320021001 νλ −Γ=−==−==−==−= CrTTTTTTTT                
         
( ) ( )νθνλθ −Γ=−=−Γ=−= expsin3,expsin3 240003223220003113 ArTTBrTT ,             (25)                  
where ( )rλλ =  and ( )rνν =  are the functions determined from equations (14), and 
coefficients A, B and C are the components of the spin vector from (24).  
 
Substituting (25) in (23), we obtain equations determining four connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  in U4 space in the terms of tensor Tik  components of the massless 
stationary matter with spin:  
                                                                      ,
0
00 const=Γ                                                          
                                        
( ),exp3 200012
1
11
2
22 νλ
θ∂
∂
∂
∂
−Γ==Γ−Γ rCkkT
r
                                 (26) 
                                  
( ),expsin3 2200013
1
11
3
33 νλθ
ϕ∂
∂
∂
∂
−Γ−==Γ−Γ rBkkT
r
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( ),expsin3 2400023
2
22
3
33 νθ
ϕ∂
∂
θ∂
∂
−Γ==Γ−Γ rAkkT
                            (26) 
where ( )rλλ = , ( )rνν = , A = A(r), B = B(r) and C = C(r).  
  
The simplest solution of (26) can be obtained if A = B = 0. Then 
    
( ) ( ) ( ) ( )[ ] ( ) ( )ϕνλ 3333332000222111111000 ,exp3,, Γ=Γ−Γ=ΓΓ=Γ=Γ ∫ drrCrrrkrrconst .         (27) 
 
Formulae (27) determine four connections 333222111000 ,,, ΓΓΓΓ  of spherically symmetric 
stationary U4 space filled with massless spinning Weyssenhoff fluid. Assuming that similar 
expressions for 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  should be valid in G4 space, since equations (9) (or (19)) 
and (23) are tantamount and describe one and the same physical field, the final solution of 
equations (9) or (19) in G4 space for spherically symmetric stationary field of massless 
Weyssenhoff fluid with spin can be represented by (7), (8), (15), (27). Now we know not only 
four 333
2
22
1
11
0
00 ,,, ΓΓΓΓ , but also twelve other non-zero 
i
jkΓ in (8) depending on them.  
 
Systems (26) and (27), obtained in G4 space for the massless spinning fluid, describe, as it 
should be expected, the particular case of the six last equations in general system (19), derived 
above with functions ( )tr,ν  and ( )tr,λ  without singularities for spherically symmetric 
material field. Formulae (7), (8), (15), (27) are complex, but they allow in principle 
determining all metric components ikg  and all non-zero connections 
i
jkΓ  as functions of the 
spherical coordinates ϕθ ,,r  and component ( )rC  of the spin vector [19] of massless 
stationary fluid with spin.  
 
3.5. General case of field in space with functions ( )tr,ν  and ( )tr,λ  containing 
singularities 
Now analyze a general case, when there are singularities in functions ( )tr,ν  and ( )tr,λ . First 
of all, using general system (9), we should obtain the equations describing spherically 
symmetric field with functions ( )tr,ν  and ( )tr,λ   containing singularities.  To do it, add the 
fifth equation in (9) to the sixth equation, subtract the fifth equation in (9) from the sixth 
equation, and also note that the third and fourth equations in (9) are equivalent to each other.  
 
Then instead of (9) we have   
0exp1 =+−′ λλr  , 
                                                             0exp1 =−+′ λνr  ,                                                      
                        
( ) ( ) ( ) ( ) 0
2
exp
2
'
2
''
2
'
''
222
=








−+
−
−−




 ′−
+−+ νλνλνλλνλννν &&&&&
&c
r
 ,           (28) 
                                              
( ) ( ) ( ) 02 =−+−
∂
∂
−′−′
∂
∂
νλλνλν &&&&
rrt
  ,                                     
                                   
( ) ( ) 022
22
0
00
1
11
=
Γ
−
Γ
+−
∂
∂
+′−′
∂
∂
rt
c
r
c
t
c
∂
∂
∂
∂λνλν &&
 ,                                             
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0
0
00
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
t
c
 ,                                                          
                                                           
0
0
00
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
t
c
 ,                                                       
                                                              0
1
11
2
22
=
Γ
−
Γ
θ∂
∂
∂
∂
r
 ,                                                   (28)   
                                                               
0
1
11
3
33
=
Γ
−
Γ
ϕ∂
∂
∂
∂
r
 ,                                                       
                                                               
0
2
22
3
33
=
Γ
−
Γ
ϕ∂
∂
θ∂
∂
.                                                   
 
In a general case, a spherically symmetric non-stationary field cannot be a priori considered a 
field with functions ( )tr,ν  and ( )tr,λ  without singularities. Therefore, the second-order 
successive mixed partial derivatives of these functions are not equal to each other, see (11). In 
other words, the Clairaut theorem based on the continuity condition is not valid. Respectively, 
system (28) should be used to describe spherically symmetric non-stationary field in a general 
case with singular functions ( )tr,ν  and ( )tr,λ . However, this system consists of complex 
equations; therefore it is hard to obtain its general solution. Nevertheless, the following 
technique can be used to solve this system of equations.   
 
3.6. Gravitational field in vacuum in space with functions ( )tr,ν  and ( )tr,λ  containing 
singularities 
First of all, let us use condition (12) and analyze now only the simplest pure gravitational field.  
 
Start from introducing a new function in the fourth equation in system (28): 
                                    
( ) ( ) ( ) ( ) ′−′∂
∂
−−
∂
∂
=−= λνλννλ
tr
r
trf &&&&
2
,
  .                                   (29) 
 
Then substitute (29) and (12) in (28) and obtain the following system of equations:  
0exp1 =+−′ λλr  , 
0exp1 =−+′ λνr  , 
                     
( ) ( ) 





∂
∂
+−=




 ′−
+−+
t
trftrfc
r
),(
2
),(
exp
2
'
2
''
2
'
''
222
νλλνλννν
 ,                   (30) 
( ) ( ) ( ) ( ) ′−′∂
∂
−−
∂
∂
=−= λνλννλ
tr
r
trf &&&&
2
,
 , 
                                                    
( ) ( ) 0=−
∂
∂
+′−′
∂
∂ λνλν &&
rt
   ,                                              
 
System (30) is much simpler than system (28). Using the fourth and fifth equations in (30), it is 
easy to get the equation for function f(r, t): 
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( ) ( )
r
trf
rtrf
∂
∂
−=
,
,
                                                       (31) 
 
Taking into account that ∫ = xx
dx ln
 (where and below ǀfǀ means the modulus of function f), 
equation (31) can be easily solved, and then a general solution of equations (30) can be 
presented as follows 
               
( )
r
tA
trf )(, = ,  )(
2
1)(
2
1
2 rBdttA
r
′−=′ ∫ν ,  )(2
1)(
2
1
2 rBdttA
r
′+
−
=′ ∫λ ,                       
                   
( )tC
r
tA
&&
2
1
2
)(
+−=ν ,  ( )tC
r
tA
&&
2
1
2
)(
+=λ ,  )()(12 rBdttA
r
′−=′−′ ∫λν ,              (32)      
                   
( ) )(
2
1
2
1)(
2
1
tCrBdttA
r
+−
−
= ∫ν ,  ( ) )(2
1
2
1)(
2
1
tCrBdttA
r
++= ∫λ                
where A(t), B(r) and C(r) are the unknown functions.   
 
General solution (32) satisfies the first, second, fourth, and fifth equations in (30). However, all 
functions in (32) have singularities at least at r = 0. Functions A(t), B(r) and C(r) can be 
determined by using the third equation in (30) and respective boundary/initial conditions. 
Substituting (32) in the third equation in (30), we can present the obtained equation as follows: 
                            
( ) ( )[ ] ( ) ( ) ( )
( )



+





++
+
′
+−=
′
−
′
+
′′
−
∫
∫∫
rBdttA
rr
tA
r
tAc
dttA
r
rBdttA
rr
rBrBrB
)(1exp)(
2
)(
2
)(
2
)(
4
1
42
2
22
2
2
2
2
&
                 (33) 
 
Note, that equation (33) does not contain function C(t), which is the part of general solution 
(32). It confirms statement in [16] that due to the form (7) of metric tensor, we still have the 
possibility of the arbitrary transformation of the time of the form t=f(t′). Such a transformation 
is equivalent to adding to ν an arbitrary function of the time; and with its aid we can always 
make C(t) vanish. And so, without any loss of generality, we can set  
                                                                     C(t)=0                                                                  (34) 
Recall, that deriving equation (33), we got condition (34) automatically. Note also, that 
substituting (34) in (32), we obtain λ = -ν. 
 
Equation (33), containing two unknown functions A(t) and B(r), should be valid at any r and t. 
At the same time, the left-hand side of this equation depends only on the variable r and does 
not depend on the variable t, while the right-hand side depends on both variables: r and t. This 
can be true only if the right-hand side of this equation does not depend on t. This is possible 
only if A(t)=0. At this condition, (33) reduces to the following equation for B(r): 
                                                      
( ) ( )[ ] ( ) 0
42
2
=
′
−
′
+
′′
−
r
rBrBrB
                                            (35) 
Equation (35) is a general Riccati equation for function B′(r). Its general solution can be easily 
obtained applying an integration method used for solving general Riccati equations:     
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( ) ( )1
12
crr
c
rB
+
=′
 ,                                                    (36) 
where c1 is the new constant. 
 
Then, respectively, the solution of equation (33) equals  
                                                     A(t)=0 and ( ) 





+
=
1
2ln2
cr
rc
rB  ,                                       (37)  
where c1 and c2 are the constants. 
 
Using (32), (34), (36), and (37), the final solution of system (30) and respective metric 
components (7) can be presented as   
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The obtained solution, described by formulae (38), satisfies all equations (12), (28), (29), (30) 
and (33). Formulae for functions λ and ν in (38) and formulae (7), (32), (34), (36), (37), (38), 
describing the whole solution, do not depend on the time, i.e. we obtained the stationary 
solution. We intentionally preserved expressions 0/r in formulae (38) because at r=0 these 
expressions become the indeterminate forms 0/0, but not singularities, which appear in the 
standard Schwarzschild solution (16), where metric components have singularities at r=0 and 
r=rg. Emphasize that for all r≠0, the obtained expressions for λ, ν, g00 and g11 in (38) coincide, 
to within the constants, with solution (15) for stationary spherically symmetric gravitational 
field with functions ( )tr,ν  and ( )tr,λ  without singularities. 
 
It has already been mentioned in section 3.2, that in accordance with the Birkhoff's theorem, 
the spherically symmetric gravitational field in vacuum must be automatically stationary and 
asymptotically flat.  
 
The obtained solution (38) means that, trying to analyze the nonstationary spherically 
symmetric gravitational field with functions ( )tr,ν  and ( )tr,λ  containing singularities, we 
obtained A(t)=0 in (32) and (37) and respectively f(r, t)=0 in (29) and (32), i.e. the second-
order successive mixed partial derivatives of functions λ(r, t) and ν(r, t) are equal to each other, 
see (10). It means that solution (38), describing in general case spherically symmetric 
gravitational field in vacuum, is valid for both cases: for functions ( )tr,ν  and ( )tr,λ  with and 
without singularities. This solution is stationary, it does not contain singularities at r = 0, and 
coincides with the Schwarzschild solution (16) at r≠0.  
 
Generically, the results, obtained in sections 3.5 and 3.6, once again endorse the concept that 
metric-affine space G4 with curvature and torsion describes distribution and motion of matter. 
These results also confirm logic of general formulae (5)-(6), correctness of equations (9), (28), 
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(30), and validity of solution (38) related to physical field with minimum curvature and torsion 
- spherically symmetric stationary gravitational field in vacuum. 
 
Recall, that in order to determine functions ( )tr,ν , ( )tr,λ  and metric components g00, g11 in 
(7), we need only formulae (38). However, in order to determine the whole geometry of 
metric-affine space G4 with curvature and torsion, describing stationary spherically symmetric 
gravitational field in vacuum, we need also all ijkΓ from (13) and four connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  from (12). 
 
In conclusion of section 3.6 note, that using equations (5) with cosmological term, it is easy to 
obtain systems (14) and (28) for spherically symmetric fields with additional “cosmological” 
terms. For example, the following additional terms will appear in system (28): term 
( )νexp2rΛ−  in the first equation, term ( )λexp2rΛ−  in the second equation, and term 
( )λexp2 Λ+ r  in the third equation. As result, the systems of equations with “cosmological” 
terms will be more complex than the respective systems (14) and (28). However, at the same 
time, the additional “cosmological” terms will not significantly affect solutions, because these 
terms are important only over a very large scale, i.e. over the “cosmological” region of the 
space-time. 
 
3.7. Material field in space with functions ( )tr,ν  and ( )tr,λ  containing singularities 
It has already been mentioned in section 3.6, that in the case when there are singularities in 
functions ( )tr,ν  and ( )tr,λ  (and this is the most general case), system (28) should be used to 
describe the spherically symmetric non-stationary field. The respective solution for field in 
vacuum (the pure gravitational field) has been presented in the previous section. Now we will 
try to obtain a solution for an arbitrary material spherically symmetric field in the space with 
functions ( )tr,ν  and ( )tr,λ  containing singularities.  
 
Thus, we should solve system (28), describing material spherically symmetric field in a general 
case, but we cannot use now condition (12), which is valid only for the gravitational field in 
vacuum. In order to determine functions ( )tr,ν  and ( )tr,λ  in system (28) and then metric 
components g00 and g11 in (7), we need only the first five equations from (28). However, to 
determine the whole geometry of spherically symmetric metric-affine space G4, we need all 
i
jkΓ from (8) and four unknown 333222111000 ,,, ΓΓΓΓ , which should be determined from (28).  
 
Emphasize, that using (28), the unknown 333222111000 ,,, ΓΓΓΓ  cannot be determined uniquely. 
In other words, these four connections may have different forms, i.e. they may be related to the 
different spherically symmetric material fields. Recall also that, if there are no singularities in 
functions ( )tr,ν  and ( )tr,λ , and therefore their second-order successive mixed derivatives are 
equal to each other (see (10)), then equations (28) coincide with equations (19). 
 
Now let us try to determine the unknown functions ( )tr,ν  and ( )tr,λ  by using equations (28).  
To do this, first of all, introduce a new function F(r, t): 
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Then substitute functions (29) and (39) in the fourth and fifth equations in (28) respectively.  
 
Finally, we obtain the following system of equations:  
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System (40) is simpler than system (28). Using the fourth and fifth equations in (40), it is easy 
to get the equation connecting functions f(r, t) and F(r, t): 
                                                    
( ) ( ) ( ) 0,2,1, =−+
∂
∂
trF
c
trf
rr
trf
                                          (41) 
 
Of course, it is impossible to determine two unknown functions f(r, t) and F(r, t) from one 
equation (41). However, there are a few considerations able to help in determining a simple 
relationship between these two functions: 
 
1. In sections 3.2 and 3.3 we obtained two solutions with functions ( )tr,ν  and ( )tr,λ  without 
singularities describing, respectively, a gravitational spherically symmetric field in vacuum 
and an arbitrary material spherically symmetric field. These two systems of equations (14) 
and (19) and their respective solutions were similar to each other. Therefore, it is natural to 
assume that two systems of equations (30) and (40) and their respective solutions with 
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functions ( )tr,ν  and ( )tr,λ  now containing singularities but also describing gravitational 
spherically symmetric field in vacuum and an arbitrary material spherically symmetric 
field, should be again similar to each other. It means that functions ( )
r
trf ,
 
and F(r, t) 
should be also similar to each other. 
2. Analyzing equation (41) one can assume that in the simplest case functions F(r, t), ( )
r
trf
∂
∂ ,
 
and ( )
r
trf ,
 should have similar forms. 
3. The fourth and fifth equations in (40) show that functions F(r, t) and ( )
r
trf ,
 represent 
respectively the difference and sum of two functions ( )λν ′−′
∂
∂
t
 and
 
( )λν && −
∂
∂
r
. 
Therefore, 
it is again reasonable to assume that functions F(r, t) and ( )
r
trf ,
 should be similar to each 
other. 
 
Based on the above arguments, we assume that, in order to get the simplest particular solution, 
functions F(r, t) and ( )
r
trf ,
 can be just proportional to each other:   
                                                               
( ) ( )trF
r
trf
m ,
,
=
   ,                                                 (42) 
where m is the constant coefficient. 
 
Substituting the assumed correlation (42) in (41), it is easy to obtain the following equation for 
function f(r, t): 
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Again taking into account that ∫ = xx
dx ln , equation (43) can be solved and then solution of 
system (40) will be presented as follows: 
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where A(t), B(r) and C(r) are the unknown functions.   
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Solution (44) satisfies equations (29), (39), (42), (43), and the first, second, fourth and fifth 
equations in (40). However, all functions in (44) have singularities at least at r = 0. Functions 
A(t), B(r) and C(r) can be determined using the third equation in (40) and respective 
boundary/initial conditions. Substituting (44) in the third equation in (40), we obtain: 
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Equation (45) is similar to equation (33), and therefore it also does not contain function C(t), 
which is the part of general solution (44). So again, without any loss of generality, we obtain 
condition (34) and, respectively, the formula λ = -ν.  
 
Now we can use the same reasoning that has already led to solution (38). Equation (45), 
containing two unknown functions A(t) and B(r), should be valid at any r and t. At the same 
time, the left-hand side of this equation depends only on one variable r and does not depend on 
t, while the right-hand side depends on both variables: r and t. This can be true only if the right-
hand side of this equation does not depend on t. This is possible only if A(t)=0.  
 
At this condition, equation (45) reduces to general Riccati equation (35) for function B′(r). 
Respectively, its particular solution can be presented as (36).  
 
Using (34), (36), (37), and (44), the final solution of system (40) and respective metric 
components (7) are equal to 
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where c is the speed of light, c1 and c2 are the new constants.  
 
The obtained solution, described by formulae (34), (36), (37), (44) and (46), satisfies all 
equations (39)-(43), (45) and (35). Formulae for functions λ and ν in (46) and formulae (7), 
(34), (36), (37), (44) and (46), describing the whole solution, do not depend on the time, i.e. we 
obtained the stationary solution. However now at r = 0 we have expressions 0/0, which 
represent the indeterminate forms but formulae (46) do not have singularities, unlike the 
standard Schwarzschild solution (16), where metric components have singularities at r=0 and 
r=rg. For all r≠0, the obtained expressions for λ, ν and metric components g00, g11 in (46) 
coincide, to within the constants, with solution (15) for stationary spherically symmetric 
gravitational field with functions λ (r, t) and ν(r, t) without singularities. 
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It means that obtained solution (46) describes in general case the spherically symmetric 
arbitrary material field. This solution is valid for both cases: for functions λ(r, t) and ν(r, t) with 
and without singularities. 
 
It has already been mentioned, that in accordance with the generalized Birkhoff's theorem, the 
spherically symmetric material field must be automatically stationary and asymptotically flat. 
Thus, trying to analyze the nonstationary spherically symmetric material field with functions 
λ(r, t) and ν(r, t) containing singularities, we obtained that A(t)=0 in (32) and (44) and 
respectively f(r, t)=0 and F(r, t)=0 in (29), (39), (44), (46), i.e. the second-order successive 
mixed partial derivatives of functions λ(r, t) and ν(r, t) are equal to each other (see (11)).  
 
Note again, that formulae (46) allow calculating functions ( )tr,ν  and ( )tr,λ  in (28) and (40), 
and metric components g00 and g11 in (7). However, in order to determine the whole geometry 
of the metric-affine space G4 with curvature and torsion, describing spherically symmetric 
arbitrary material field, we need all ijkΓ from (8) and four 333222111000 ,,, ΓΓΓΓ  which should be 
determined from the six last equations in (40).  
 
Emphasize that formulae (46), (8) and (40) describe the general case – a spherically symmetric 
arbitrary material field, while formulae (38), (12), (13), which can be derived from (46), (8), 
(40) as a particular case, describe the respective particular case – a spherically symmetric 
gravitational field. Moreover, formulae (26)-(27), obtained above for particular case of the 
massless spinning fluid, also describe the respective particular case of the general formulae 
(46), (8) and (40).   
 
4. Uniform isotropic gravitational field in vacuum 
 
4.1. Field equations 
Now obtain the “cosmological” equations concerning evolution of the Universe as a whole and 
based on the assumption of the isotropy and uniformity of matter distribution in space. It is 
well known that stars and galaxies are distributed over space in a very non-uniform manner, 
but in studying the Universe “on a large scale” one can disregard “local” inhomogeneities 
produced by stars and galaxies, because in general terms the uniform isotropic model gives an 
adequate description not only of the present state of the Universe, but also of a significant part 
of its evolution in the past [16]. At the same time it is clear that, by its very nature, the 
assumption of the homogeneity and isotropy of the Universe have only an approximate 
character, since these properties surely are not valid if we go to a smaller scale.  
 
We will start analysis of equations (5)-(6) for the uniform isotropic space using at first the 
closed uniform isotropic model of the Universe. For this model, the non-zero components of 
metric tensor in 4-dimensional “spherical” coordinates ( )ϕθχη ,,,  equal [16] 
         
2
00 ag = ,  g a11
2
= − ,  χ2222 sinag −= ,  θχ 22233 sinsinag −= ,  liklik gg δ= ,           (47) 
where ( )a η  is the radius of the space curvature depending on the coordinate η used for 
convenience in place of the time.  
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Radius ( )a η  is actually a radius of a hypersphere, it cannot be negative, and quantity η is 
related to the time t as follows [16]:  
                                                                   ( ) ηη dadtc = ,                                                      (48) 
where c is the speed of light.  
 
Due to the uniformity and isotropy of the analyzed space, the number of equations in system 
(5)-(6) and number of unknowns are much less than the respective numbers in a general non-
uniform and non-isotropic case. 
 
Substituting (47) in (6), we obtain the following connections Γjk i  :  
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 ,    
where four connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  are undetermined, all other 
i
jkΓ  are equal to 
zero, and the prime on function ( )a η  denotes differentiation with respect to η.  
 
Four undetermined connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  appear in solution (49) because the 
number of the independent equations in system (5)-(6) in the uniform isotropic field, unlike 
any general non-uniform and non-isotropic case, is less than the number of the variables. Note, 
that this indefiniteness is probably similar to the one described in [18].  
 
Using (5), (47) and (49) we obtain the following system of equations describing a closed model 
of the uniform isotropic field in G4 space 
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where the double prime on function ( )a η  denotes double differentiation with respect to η. 
 
Note that the third and fourth equations in (50) are similar to the second one; it means they are 
not independent, and therefore can be disregarded. In addition emphasize, that the first two 
equations in (50) can be easily reduced to more simple equations by substituting 
2





 ′
a
a from 
the first equation in the second equation. As result, instead of (50), we obtain the following 
rather simple system of equations:    
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where )(ηH
a
a
=
′
 is actually the Hubble parameter measuring the expansion rate. 
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System (51) shows that to obtain radius ( )a η  of the space curvature, we should solve only the 
first two equations. But to determine the whole geometry of the uniform isotropic space G4, we 
have to obtain four connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  from the last six equations in (51) and, 
twelve ijkΓ  depending on 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  from (49), all other ijkΓ  are equal to zero. 
 
Note that since each of 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  depends on four variables ( )ϕθχη ,,, , the last six 
equations in (51) do not allow determining uniquely these four connections. This means, that 
connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  may have various forms related to different uniform isotropic 
material fields.     
 
Emphasize that first two equations in (51), determining the space curvature radius ( )a η , are 
valid only if ( )a η ≠0, because when ( )a η =0 the first terms in these equations become 
indeterminate or even infinite, i.e. these equations have singular points. However, at the 
condition that ( )a η ≠0, the first two equations in (51) can be presented as 
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(52) 
 
Recall that equations (52) are valid only for the closed uniform isotropic model of Universe. 
To obtain the respective equations, describing the open uniform isotropic model, we should, 
according to [16], replace a,, χη  in all formulae (47)-(52) respectively with iaii ,, χη . Now 
the radius ( )ηai  of the space curvature becomes an imaginary radius of a pseudo-sphere. As 
result, instead of (52), we obtain the following system of two equations for the open model: 
0
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                                                             0
3
2
''
3
=
Λ
−− aaa .
                                                                               
(53) 
 
Similar to equations (52), this system is also valid only if ( )a η ≠0, because the respective 
equations in a general system, describing the open uniform isotropic model of Universe, has 
(similar to the first two equations in (51) for the closed model) a singularities at ( )a η =0.  
 
4.2. Gravitational field in vacuum 
To solve system (51) in the simplest case, we should make an assumption regarding four 
undetermined connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ . The simplest solution can be again obtained 
by using condition (12). Its substitution in (49) yields 
               
a
a '3
03
2
02
1
01
0
11 =Γ=Γ=Γ=Γ ,   χ2
0
22 sin
'
a
a
=Γ ,  θχ 22033 sinsin
'
a
a
=Γ ,                     
          χχ cossin122 −=Γ ,  θχχ 2133 sincossin−=Γ ,  Γ Γ Γ Γ122 212 133 313= = = = cot χ ,         (54)  
θθ cossin233 −=Γ ,  Γ Γ233 323= = cot θ,  all other 
i
jkΓ  are equal to zero. 
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Solution (54) is related to the minimum curvature and torsion of the uniform isotropic space-
time or, in other words, to the uniform isotropic gravitational field in vacuum. Recall, that 
different sets of Γjk
i
 satisfying (49), are related to various degrees of the space-time curvature 
and torsion, and describe different material fields. The simplest set (54) of connections Γjk i , 
obtained by using condition (12), describes the “simplest” physical field, i.e. the uniform 
isotropic gravitational field in vacuum away from the gravitating bodies.  
 
It is obvious that using formulae (12), system (51) for the closed model can be reduced to two 
equations (52) for radius ( )a η  of the space curvature.  
 
Note that second equation in (52), describing the closed isotropic model, is similar to the 
respective equation for the dust-like matter in GR [16].  
 
The first equation in (52) is the first order autonomous equation, and its general solution can be 
obtained as a solution of the integral equation  
                                                                              1
2/1
24
3
Cdaaa +



−
Λ±=
−
∫η    ,                                         (55) 
where C1 is an arbitrary constant. 
 
The second equation (52) is actually the second-order autonomous equation, and its general 
solution can be obtained as a solution of the integral equation  
                                                                  η±=











−
Λ
+
−
∫ ∫ 3
2/1
3
2 3
22 CdadaaaC ,                                 (56) 
where C2 and C3 are the constants.                                                                     
 
Integrals in equations (55)-(56) can be, in turn, calculated via the radical expressions and 
elliptic integrals of the first kind. As result, the final formula for solution ( )a η  of equations 
(52) has a complex form, which is difficult to analyze. This conclusion is also applicable to 
equations (53). Therefore, it is worthwhile to simplify both systems of equations (52) and (53) 
and obtain their approximate analytical solutions.  
 
4.3. Approximate solution without cosmological term for small ( )a η
 
for gravitational field 
in vacuum 
Since the value of cosmological constant Λ≈10-52m-2 is very small, we can neglect terms 
4
3
1
aΛ−  and 3
3
2
aΛ−  in equations (52)-(53) when ( )a η
 
is not too large. As result, we obtain 
two following simplified systems of equations: 
 
For the closed model: 
0)'( 22 =+ aa  
                                                                                             
0'' =+ aa
 ,                                                                                (57) 
For the open model:  
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0)'( 22 =− aa  
   
                                                                                        
0'' =− aa
                                                                                  
(58) 
 
System (57) for the closed model has a general solution satisfying both equations (57):  
                                                 ( ) ]})Re{exp[( 111 ηη iCBAa +=  ,                                           (59) 
where modulus of the real part in the right hand side (59) appears because radius ( )a η  of the 
space curvature can be only real and positive.  
 
Coefficients B1 and C1 in (59) are connected by equations  
                                        1)( 211 −=+ iCB         i.e.        iiCB ±=+ )( 11  ,                                (60) 
which can be easily obtained substituting (59) in (57).   
 
Equations (60) mean that expression )( 11 iCB +  is imaginary. Using this result and formulae 
(59) and (48), we can determine radius ( )ta  of the space curvature for the closed model:  
                               
( ) ηηηη cos)]Re[exp(]})Re{exp[( 11111 AiAiCBAa =±=+=        
                             
ηηηηηη 111111 1)exp(])exp[( AdAdiAdiCBAct ∫∫ ∫ ==±=+=   ,             (61) 
                                                                
( ) )cos(
1
1 tA
cAta =  
 
Formulae (61) show that in the closed model the Universe develops through three basic phases 
(expansion, contraction, and bounce) that repeat from cycle to cycle, i.e. radius ( )ta  oscillates. 
Thus, the evolution of cyclic Universe is dominantly classical; it is infinitely old and endures 
forever. In other words, it has multiple non-singular classical Big Bounces, i.e. performs 
periodical transitions from contraction phase to expansion phase, where ( )ηa  has no 
singularities (see explanation given above to equations (52)). The moments, corresponding to 
the ends/beginnings of periodical cycles, are the initial moments of periodical stages, when the 
Universe begins the expansion, and/or the final moments of the periodical stages, when the 
Universe ends the contraction. Such periodical moments can be called the Big Bang/Big 
Crunch moments (or the Big Bounce moments). These moments are not the singular points of 
the space-time metric ikg  of the closed uniform isotropic model because curvature radius a  in 
(51) cannot be equal to zero.  
 
Note also that obtained solution (61) does not have the problem of initial conditions because 
cycles of the Universe development can continue to the infinite past.   
 
Emphasize that obtained results qualitatively match to the results based on the hypothesis of 
the cyclic (oscillatory) ekpyrotic Universe [20].  
 
For the open model we obtain the following general solution satisfying both equations (58): 
                                                  ( ) ]})Re{exp[( 222 ηη iCBAa +=                                           (62) 
 
Coefficients B2 and C2 in (62) are connected by equations  
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                                         1)( 222 +=+ iCB ,      i.e.        1)( 11 ±=+ iCB   ,                             (63) 
which can be easily obtained substituting (62) into (58). 
 
Equations (63) mean that expression )( 22 iCB +  is real. Using this result and formulae (62) and 
(48), we can determine radius ( )ta  of the space curvature for the open model: 
                          ( ) )exp()]Re[exp(]})Re{exp[( 22222 ηηηη ±=±=+= AAiCBAa  ,      
                            
)exp()exp(])exp[( 22222 ηηηηη ±±=±=+= ∫ ∫ AdAdiCBAct   ,             (64) 
                                                                
( ) tcAta 2=  
 
Formulae (64) show that in the open model the Universe undergoes a single transition from the 
contraction to expansion, i.e. it performs the non-singular classical bounce, where radius ( )ta  
of the space curvature linearly decreases during contraction phase and then increases during the 
expansion phase. 
 
Note also that obtained solution (64) does not have the problem of initial conditions because 
the contraction phase of the Universe started in the infinite past.   
 
It is necessary to emphasize again that, as it follows from formulae (61) and (64), in both 
solutions (for the closed and open models) the curvature radius ( )ta  cannot be equal to zero, 
because substitution ( )ta →0 in (61) and (64) leads to incompatibility of these systems. In 
other words, solutions (61) and (64) do not have singularities.  
 
4.4. Approximate solution with cosmological term for large ( )a η
 
for gravitational field in 
vacuum 
Analyzing equations (52)-(53), it is easy to note that when ( )a η →∞, then, despite very small 
value of Λ, we cannot ignore terms 4
3
1
aΛ−  and 3
3
2
aΛ−  in these equations. However, when 
radius ( )a η  is very large, we can simplify (52) and (53) by neglecting the second terms in these 
equations, i.e. 2a
 
and a . Then, instead of systems (52) and (53), we will obtain one system of 
equations valid for both models (the closed and the open ones): 
                                                                                            
0
3
)'( 42 =Λ− aa  
                                                               0
3
2
''
3
=
Λ
− aa .
                                                                                     
(65) 
 
These equations are also the first-order and second-order autonomous equations. Therefore, 
their general solutions are rather complex. However, equations (65) have a simple particular 
solution:  
                                                              ( )
η
η 13
Λ
±=a  ,                                                       (66) 
where modulus in the right hand side appears since radius ( )a η  cannot be negative. 
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Solution (66) satisfies both equations (65), and it is valid for the open and closed models. 
Using formulae (66) and (48), one can determine radius ( )ta  for each model:  
 
For the closed model  
                            ( )
η
η 13
Λ
±=a ,   ηln31
Λ
±=
c
t ,   ( ) )
3
exp(3 tcta Λ±
Λ
=                (67) 
 
For the open model   
                        ( )
η
η 13
Λ
±=a  ,   ηln31
Λ
±−=
c
t ,   ( ) )
3
exp(3 tcta −Λ±
Λ
=            (68) 
 
Recall that equations (65) and, respectively, its solutions (66)-(68) are valid only for very large 
values of curvature radius a . Note also that when radius of the space curvature a →+∞, it 
means the respective space-time is flat, non-curved, non-torsional, and has the Galilean metric.  
 
Solution (67) for the closed model shows that radius a →+∞ (i.e. space has no curvature) in 
one case, when t→+∞, i.e. at the final stage of the Universe development. 
 
Solution (68) for the open model shows that a →+∞ in two cases, when  t→-∞ and t→+∞, i.e. 
at the initial and final stages of the Universe development. 
 
4.5. Discussion of the obtained results 
Combining the results, obtained for two extreme cases (approximate equations (57)-(58) for the 
finite radius ( )ta  with their respective solutions (61) and (64), and approximate equation (65) 
for the very large radius ( )ta →∞ with its solution (67)-(68)), we can conclude the following.  
 
In the closed model, when t→∞, the curvature radius ( )ta →∞ (the final stage of the Universe 
development). At all other values of t, the radius ( )ta  oscillates increasing from cycle to cycle, 
and has only finite values without singularities. This result is similar to the results based on 
hypothesis of the cyclic (oscillatory) ekpyrotic Universe [20].  
 
In the open model radius ( )ta →+∞ in two cases, when t→-∞, i.e. at the initial phase of the 
Universe contraction, and when t→+∞, i.e. at the final phase of the Universe expansion. In 
these extreme cases we have the flat, non-curved and non-torsional Euclidean space, and 
metric (47) in this case can be reduced to the Galilean metric (17). Between these two extreme 
cases, the radius of curvature ( )ta  has finite values and ( )ta =min at some critical value of 
t=tcrit. This is a moment of the Big Bang/Big Crunch (or the Big Bounce moment). In other 
words, this open space-time model performs a single classical transition (bounce) from 
contraction to expansion and does not have a singularity.     
 
It is reasonable to assume that systems (52) and (53) should have general solutions, compatible 
with solutions (61) and (64) of the simplified systems (57) and (58) and also compatible with 
solutions (67)-(68) of equations (65). In other words, the general solution of (52), describing 
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the closed model, should provide radius ( )ta  which oscillates, increases from cycle to cycle, 
and has no singularities. The general solution of (53), describing the open model, should 
provide radius ( )ta  which at first decreases during the contraction phase and then increases 
during the expansion phase.  
 
Since in both models (the closed and open ones) the Universe is infinitely old, the obtained 
solutions (61)-(64) and (67)-(68) do not have the problems of initial conditions because cycles 
in the closed model and contraction phase in the open model can continue to the infinite past.   
 
There is one more important consideration supporting the obtained results and showing that 
curvature radius ( )ta  increases with time. Recall that in cosmology the well-known Friedmann 
equations, describing the expansion of space in homogeneous and isotropic models of the 
Universe, are generically the first-order and second-order autonomous equations for the scale 
factor ( )ta . These equations are similar to equations (52)-(53); both groups of equations 
contain expressions a , 2a , ( )2a′ , a ′′ , and terms with cosmological constant.  Solution ( )ta  of 
Friedmann equations increases in many cases like power function nt . Although equations 
(52)-(53) are more complex than Friedmann equations, it is reasonable to assume that systems 
(52)-(53) should have general solutions, compatible with solutions (61) or (64) and (67)-(68) of 
the simplified systems (57)-(58) and (65) and also compatible at least qualitatively with 
solutions of the Friedmann equations. Also recall, that there is another type of cosmological 
solution – de Sitter-like exponential increase in ( )ta ; and solutions of equations (52)-(53) 
should be also qualitatively compatible with this solution. Thus, general solutions of equations 
(52)-(53) should describe radius ( )ta , which increases with time and has no singularities. 
 
Generically, the results, obtained above in sections 4.1-4.5, endorse the concept that metric-
affine space G4 with curvature and torsion describes distribution and motion of matter. These 
results also confirm logic of general formulae (5)-(6), validity of approximate equations (57)-
(58) and (65), describing the extreme cases, and correctness of their respective solutions (61), 
(64) and (67)-(68) related to physical fields with minimum curvature and torsion, i.e. to the 
uniform isotropic gravitational fields in vacuum, because these solutions do not contain 
singularities and are similar (at least, qualitatively) to the respective solutions describing other 
models of the Universe: cyclic closed model, Friedmann’s model, de Sitter model, and Big 
Bounce open model. 
 
Emphasize, that obtaining results, presented in sections 4.1-4.4, we did not invoke extra 
dimensions, quantum-to-classical transition, random quantum fluctuations, branes and other 
elements inspired by string theory. 
 
Note again that all obtained formulae (57)-(68) determine curvature radius ( )a η  of the uniform 
isotropic gravitational field in vacuum, while in order to determine the whole geometry of this 
field we should also use formulae (47), (12) and (54). Recall also, that all formulae in sections 
4.2-4.4 are valid only for the uniform isotropic gravitational field in vacuum, away from the 
bodies creating this field, and these formulae cannot be used to describe an ordinary matter 
presenting various elementary particles and fields.   
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4.6. Material fields 
In order to determine the correct type of the material cosmological model, we have to analyze 
the uniform isotropic distribution of the material field. To do this, one must solve equations 
(51) and (49) without condition (12), since this condition is valid only for the gravitational 
field in vacuum.  
 
At the same time, emphasize that results, obtained above, showed that radius ( )ta  of space 
curvature can be determined using only the first two equations in (51) or equations (52)-(53). It 
means that radius of curvature of the Universe depends only on the gravitational field and does 
not depend on the matter and its “local” concentrations like planets, stars and galaxies.  
 
Moreover, it also means that curvature radius ( )ta  of the space filled with uniform isotropic 
distribution of matter, is determined by equations (52)-(53), (57)-(58), (65) and their respective 
solutions (59)-(64), (66)-(68) presented above for the gravitational field in vacuum. Recall that, 
to determine the whole geometry of the arbitrary material uniform isotropic field, we should 
use general formulae (47), (51) and (49).   
 
A general approach based on the curved and torsional space-time, can probably help to clarify 
some cosmological issues when the Universe with torsion undergoes a Big Crunch/Big Bang, 
because during a Big Crunch phase the Universe collapses not to the point of singularity, but to 
a point before that; and therefore such Big Bounce model does not have a singularity [20-21].  
 
There are many other cosmological hypotheses, where space-time with torsion allows 
clarifying different issues. For example, according to one of them, the generation and evolution 
of quantum fluctuations (i.e. particle creation) can be induced by torsion from the inflation 
phase of the universe development to the present days [22]. Another theory [23] explains the 
acceleration of expansion of the Universe without unknown dark energy and also the formation 
of galaxy structure without the dark matter using the non-symmetric gravitational theory with 
torsion. Another example is based on the assumption that our observable Universe, in turn, can 
be treated as a “closed world”, i.e. some “closed” region of the infinite and eternal Multiverse, 
which is the most general formation in the nature. It is possible, that our observable Universe is 
not an exception, and there are many other Universes in the “inflating” Multiverse, see [24].   
 
4.7. Material field of massless fluid with spin 
In section 4.3 we solved equations (51) using condition (12), for the simplest uniform isotropic 
case and obtained solution for the uniform isotropic gravitational field in vacuum. Now we will 
solve these equations for a simple material field. The first two equations in (51) or system (57) 
describe the uniform isotropic gravitational field in the closed model. Its approximate solution, 
determining metric components g00, g11, g22, g33, is given by formulae (59)-(61) and (47).  
 
All non-zero connections ijkΓ , except four 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ , are presented in (49). 
Connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  can be obtained from the last six equations in (51) describing 
the uniform isotropic matter. Note again, that these equations do not have a unique solution; 
they give different solutions, related to the different material fields. In order to determine from 
(51) four quantities 333222111000 ,,, ΓΓΓΓ  (and also twelve other ijkΓ in (49) depending on 
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them), which are related to some material uniform isotropic field, one can use technique 
described in section 3.4 for spherically symmetric field. It means that first of all, we should 
obtain in U4 space the appropriate equations, tantamount to equations (51) in G4 space and 
describing the same uniform isotropic material field. After that, we will determine the energy-
momentum tensor ikT  of this material field, then express four connections 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  
in U4 space via tensor ikT  components, and finally express four unknown 
3
33
2
22
1
11
0
00 ,,, ΓΓΓΓ  
in G4 space in terms of the ikT  components.  
 
Acting similar to the case of spherically symmetric stationary field (see section 3.4), we will 
use the massless Weyssenhoff fluid with spin [19] in the uniform isotropic space. Note that, if 
the uniform isotropic field is a massive one, it cannot be stable and uniform, because any mass 
increase in some random point will lead to the gravitational attraction to this point and, as 
result, the field uniformity and isotropy will be ruined. Thus, only the massless uniform and 
isotropic field can be stable and will preserve these properties.  
 
To obtain system of the Einstein-Cartan equations, describing the massless Weyssenhoff fluid 
in the uniform isotropic space U4, one should calculate all non-zero ijkΓ  in this space, then 
determine the components of curvature tensor ikR , and obtain the desired equations.  
 
These equations in U4 space will be tantamount to equations (51) in G4 space. The only 
exceptions are their right-hand sides, containing tensor ikT  of the massless fluid with spin. This 
tensor ikT  of the massless Weyssenhoff fluid with spin [19] in the uniform isotropic space U4 
can be calculated by using formulae (23). Substituting it in the Einstein-Cartan equations in U4 
space, we arrive at the following equations, defining four connections 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  in 
U4 space in terms of parameters A, B and C of the massless fluid with spin:  
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where ϕθχη ,,,  are the 4-dimensional “spherical” coordinates; k is the constant from (23), 
( )ηaa =  is the radius of the space curvature; C=C(η), B=B(η), and A=A(η) are the spin vector 
components of the Weyssenhoff fluid [19]; the coordinate η is related to the time t  by formula 
(48), and the prime on a symbol denotes differentiation with respect to η.  
 
System (69), obtained in G4 space for the massless fluid with spin, is (as it should be expected) 
a particular case of the six last equations in general system (51), describing a uniform isotropic 
material field.  
 
The simplest solution of equations (69) can be obtained, when A=B=0, C(η)= ( )ηak1  and 
( )η4
20
00
a
k
=Γ . This solution equals:  
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where 1k  and 2k  are the new constants. 
 
Formulae (70) determine four connections 333222111000 ,,, ΓΓΓΓ  of the uniform isotropic U4 
space filled with the massless spinning Weyssenhoff fluid. Based on the equivalency of six 
equations (69) and the last six equations in (51), we assume that the same expressions for the 
unknown 333
2
22
1
11
0
00 ,,, ΓΓΓΓ  should be valid in G4 space. Recall that, based on the metric-
affine formalism, the both geometries are totally equivalent, and therefore one can equally 
work in U4 space or in G4 space [17].  
 
As result, the final solution of equations (51) in G4 space for the particular case of the uniform 
isotropic field of the massless fluid with spin is given by formulae (47), (49), (59)-(61), and 
(70). Emphasize that now we define not only four 333222111000 ,,, ΓΓΓΓ , but also twelve other 
i
jkΓ in (49) depending on them. Formulae (47), (49), (59)-(61), and (70) are complex but they 
allow in principle determining all components of metric ikg  and all non-zero connections 
i
jkΓ  
as functions of 4-dimensinal “spherical” coordinates ϕθχη ,,,  and component ( )rC  of the 
spin vector of the massless fluid with spin.  
 
5. Quantization of general equations  
 
Many attempts have been made to quantize equations of classical geometrical field theories 
including GR with goal to combine quantum mechanics with GR and/or different unified 
geometrical field theories and avoid contradictions between quantum and classical theories.  
 
At the first glance, it seems that in order to quantize the obtained general equations (5)-(6) we 
can apply one of the techniques, typically used in attempts to quantize gravitational or any 
unified geometrical field: canonical quantization, path integral quantization, etc. [3-15]. As 
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result, using equations (5)-(6), describing curvature and torsion of the space-time (i.e. 
distribution and motion of matter), we will obtain the quantum equations for “the primary 
building blocks of everything”, i.e. equations for the “basic (primordial) particles”, that form 
all existing elementary particles and fields; and such “primordial particles” can be represented 
as some local concentrations of curvature and torsion of the space-time. 
 
However, recall that there are no rigorous and well-grounded methods used for quantization of 
gravitational or any unified geometrical field. All existing methods have serious problems and 
limitations [3-15], mainly related, first of all, to the complexity and nonlinearity of the 
respective equations, entailing violation of superposition principle, and secondary, to the 
covariance of these theories, leading to the problem with number of dynamic variables.   
 
The other most important point is that there is probably no need at all to quantize general 
equations (5)-(6). If we could quantize equations (5)-(6), then the respective quantum 
equations describing the “primordial particles” would be obtained. These quantum equations 
would definitely provide a probabilistic description of the “primordial particles”.  
 
In quantum mechanics and quantum electrodynamics, a probabilistic behavior of a micro-
particle is related to the impossibility to take into account various forces between the specified 
micro-particle and all other particles. It is obvious, that such interactions always exist and, 
unlike the macro-objects, they are significant for any micro-particle. In other words, a micro-
particle is sensitive even to the very weak interactions; and the number of such interactions is 
practically unlimited, because micro-particle “feels” the unified field existing in any point by 
interacting with all propagating “waves” coming from everywhere. At the same time, the exact 
calculation of all such interactions for a micro-particle is impossible in principle.  
 
This reasoning is similar to the de Broglie-Bohm interpretation of quantum mechanics, which 
is the causal, deterministic, and explicitly nonlocal theory (Bohmian mechanics) [25].  
 
Based on the presented ideas, all aspects of micro-particle behavior (i.e. equations for the wave 
function, the Heisenberg uncertainty principle, and many other quantum phenomena) can be 
described using only the probabilistic quantum methods. The fundamental cause of such 
probabilistic behavior of a micro-particle is the nonlocal theory describing this particle. In 
other words, it is just a lack of knowledge that accounts for uncertainty of many phenomena in 
quantum mechanics [25]. 
 
However, in our case, there is now an absolutely different situation concerning the “primordial 
particles”. The equations, determining the curvature and torsion of G4 space in the most 
general way (or, in other words, determining the distribution and motion of matter consisting 
of various types of the “primordial particles” and fields), include already all possible 
interactions among these “primordial particles”. Everything (all “primordial particles” and 
fields) should be within the scope of such general approach. This is the “physical sense” of 
general equations (5)-(6) or their possible quantum counterparts. Therefore, no probabilistic 
phenomena and uncertainty should be in the behavior of the “primordial particles”. But on the 
other hand, the probabilistic quantum effects and the respective uncertainty will be definitely 
presented in the quantized equations.  
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This problem can be easily solved, if we refuse in principle from the quantization of general 
equations (5)-(6). It means, the unified geometrical field should not be quantized at all; such 
field should be described using only the deterministic approach and classical (not quantum!) 
equations.  
 
Note that, may be, just because of this reason, all the existing theories of quantum gravitational 
field and quantum unified fields have serious problems and limitations [3-15]. This reasoning 
confirms the respective ideas of Einstein, Wheeler and others [1-2, 4-5], that only deterministic 
classical models, but not the probabilistic quantum ones, should be used to describe various 
physical fields and particles. For example, Einstein, being one of the creators of quantum 
theory, of course acknowledged the great achievements of quantum mechanics, but he also saw 
the principal limitations and “probabilistic issues” of this theory. Therefore, he considered that 
elementary particles are just the local concentrations of “strength” of the unified geometrical 
space-time, and respectively quantum mechanics will be in future just a particular (but very 
important) case of the general unified field theory. As result, there is no room for a 
fundamental randomness in the unified geometrical field theory.  
 
Different authors developed similar ideas [7, 10-11, 13], concerning the principal classical 
character of gravitational field.   
 
6.    Space-time continuum and some “non-conventional” phenomena 
 
Based on the results, described above in sections 2-4, all fields, particles, and generically all 
material bodies can be represented as a curved and torsional 4-dimensional space-time. 
Employing a very simplified “model”, all fields, particles, and material bodies can be 
represented in a general case as some “unified active elastic entity”, where all material particles 
and bodies are just the local concentrations of this curved and torsional medium. These local 
concentrations “distort” the unified elastic medium by generating various fields of “waves” 
(some other forms of the curved and torsional medium). All particles and bodies continuously 
“sense” the condition of the medium in any point by interacting with all propagating “waves” 
coming from everywhere.  
 
Recall, that  there were a few theories (some of them were developed a long time ago), which 
claim that there is only one, eternal, and all-pervading underlying primary physical substance, 
which reveals itself in all things, and interconnects and binds everything (e.g. akasha in 
Hinduism and/or aether in medieval science). This substance is considered to be a physical 
medium, occupying every point in the unified geometrical space, including points within the 
material bodies. Now this substance can be “presented” as a curved and torsional 4-
dimensional unified space-time, and all particles, atoms and bodies are the local concentrations 
of this substance. 
 
This concept can probably be used for a hypothetical qualitative explanation of some “non-
conventional” phenomena.  
 
Start from the telepathy, which can probably be represented as some kind of the “resonance” 
between two bodies, the “sender and receiver”, where both bodies are parts of the unified 
continuous medium and have the “similar structure”. Such similarity between the “sender and 
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receiver” can probably be attributed to the analogous curvature and torsion of their space-time 
structures. As result, the waves transmitted by a “sender”, can be “sensed” by the “receiver”, 
which is tuned “in the resonance” with this “sender”. This concept, to some extent, reminds the 
hypothesis of the “morphic resonance”, used sometimes to explain the mysterious telepathy-
type interconnections between the organisms [26].  
 
Probably, similar ideas, based on some kind of the “resonant excitation”, can be used to 
explain effects of the curse, sorcery, pray, and other “magic phenomena”. 
 
Another example is the homeopathy. On the one hand, it is a well-known and sometimes very 
efficient medical technique. But on the other hand, it lacks scientific support because of its use 
of remedies with a very low concentration of the active ingredients. Typically, the homeopathic 
compound is strongly diluted; it might even happen that the end product is practically 
indistinguishable from the dilutant. However, applying assumption of the unified geometrical 
field, a therapeutic power of the homeopathic remedy can be qualitatively explained as some 
kind of the “resonant excitation” of the biological system, if this system (patient) and 
homeopathic medicine have similar space-time “structures”. Probably, the extremely diluted 
and vigorously shaken remedy has such curvature and torsion, that structure of its unified 
geometrical field is analogous to the structure of the geometrical field of patient biological 
system. As result, after the “resonant excitation”, the patient “senses” the effect of the remedy 
because this remedy activates a defense mechanism for the human body. Such “resonant” 
activation provides the required medical treatment. Note, that this concept is similar to the 
hypothesis of the “resonance homeopathy” used sometimes to explain why the homeopathic 
remedies work [27].  
 
The next example is the prediction for the future (the intuition, clairvoyance, etc.), i.e. the 
ability to perceive the information about the events before they happen. Theoretically, it is 
absolutely realistic to predict an event, which occurs within the unified geometrical field, 
which combines and connects all material fields, particles and bodies. To do this, one should 
solve equations (5)-(6) for the required area of interest in the curved and torsional space-time 
with the respective boundary/initial conditions and calculate the “trajectory of development” 
(i.e. the time-line of this area).  
 
However, first of all, it is impossible for any real case, because of the complexity of equations 
(5)-(6) and boundary/initial conditions. System (5)-(6) consists in a general case (i.e. when 
metric-affine G4 space has no symmetry, isotropy and uniformity) of eighty partial 
transcendental differential equations with sixteen unknown components of metric tensor ikg  
and sixty four unknown connections ijkΓ . At the same time, recall that there are usually some 
considerations (related to the ikg  symmetry, ijkΓ  symmetry, coordinate transformations, choice 
of the reference system, and other factors), which allow decreasing the number of the equations 
and unknowns. Secondly, it is very difficult to separate some required limited area of interest 
in the curved and torsional space-time from all other areas, and decide what forces and 
interactions are not “essential” and can be disregarded, because everything, everywhere and 
always is interconnected in the unified geometrical field. 
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In practice, the predictions for the future are usually based on some empirical rules, developed 
using the statistical results, which were accumulated during years of experience. Applying 
these rules and also all available information, concerning the case under investigation, it is 
possible, to some extent, to predict the future in general terms. Such prediction for the future is 
similar to an attempt of the weather forecast by estimating the direction and speed of the wind 
and distribution of the clouds. The more factors one can take into account, the more accurate 
the forecast will be. But on the other hand, it is practically impossible to take into account all 
numerous essential factors affecting the behavior of a complex system and specify the 
initial/boundary conditions in the finest details, to which such system may be very sensitive.  
 
In other words, it is necessary to remember that sometimes even a tiny change in one of the 
variables (e.g. in the initial conditions or in the internal forces) may result in a very different 
outcome, i.e. an extremely small cause can produce a large effect. This phenomenon is just an 
example of so-called “system with deterministic chaos”. To calculate (predict) the future 
situations of such system, one should know the present situation in its finest details, but 
obviously it is not possible to monitor every small and sometimes even the un-observable 
fluctuations. An arbitrarily small perturbation of the current trajectory of the system (i.e. its 
time-line) may lead to a significantly different future behavior. The chaotic processes in the 
complex systems can often work as amplifiers: they turn the small causes into large effects. In 
a way, such "sensitive dependence" is nothing more than the rediscovery by scientists of the 
old philosophical wisdom, claiming that small change can sometimes entail a large effect. 
There is also a special term, which came from meteorology, – “the butterfly effect". The 
flapping wings of a butterfly (the tiniest fluctuations in the air pressure) in one part of the 
globe, which represent a very small change in the initial condition of the complex chaotic 
system, may cause a chain of events leading to some large-scale phenomena (e.g. a tornado) in 
the other part of the globe.  
 
Next example is astrology, which is the study of the movements and relative positions of the 
celestial objects (stars and planets) as means for information related to the human behavior, 
affairs, relationships,
 
descriptions of personality, and terrestrial events. On the one hand, 
astrology is an old, well-known and sometimes an efficient prediction technique. But on the 
other hand, astrology has been rejected by the scientific community, because it does not have a 
scientific basis, since there is no proposed “astrological mechanism”, explaining the mysterious 
interconnections between the celestial objects and events on the Earth and human affairs. 
Astrology cannot reliably explain why the positions and motions of stars and planets affect 
people and events on the Earth. For example, the simple and direct influence of the 
electromagnetic or gravitational fields of distant planets and stars cannot be the cause of the 
“astrological mechanism” because these fields are very weak. As some critics of astrology 
emphasize, the electromagnetic field of a large but distant planet or star is much smaller than 
the respective field produced by ordinary household appliances, and the effect of gravity of the 
planets on the newborn baby is much smaller than the effect of gravity of the midwife.  
 
However, the concept of the unified geometrical field, based on the curved and torsional space-
time, where all material fields, particles and bodies are combined, connected, and always and 
everywhere interact to each other, can probably provide the necessary principle qualitative 
explanation of the “astrological mechanism”. In other words, any point of the unified 
geometrical field is “sensing” all propagating “waves” coming from everywhere. This general 
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principle, to some extent, correlates with concept [28], used sometimes to explain the 
mysterious astrological interconnections, and based on a rather complex chain of events: tidal 
gravitational tugs of the planets and stars in addition to the Sun and Moon, which being 
magnified by “magneto tidal resonance”, affect the sunspot cycle and disrupt the Earth's 
magnetic field, which in turn affects the human neural network [28]. In other words, the 
movement of the planets and stars interfere with the earth's magnetic field which, in turn, 
affects the budding brains and human affairs and behavior.  
 
Since there are so many “indirect” and complex factors affecting the “astrological mechanism”, 
we probably have here a typical example of the system with deterministic chaos. Astrological 
predictions are always based on the empirical rules, developed during years of experience. And 
respectively, such predictions can provide the forecasts of the events, affairs, relationships, and 
personal features only sometimes, only to some extent, and only in the general terms. 
 
The last example is a “time travel”, i.e. the ability to “see” the past (retro-cognition) or the 
future (precognition). In principle, the GR and theory of the curved and torsional unified 
geometrical field allow such “time travel”, when the object moves faster-than-light within a 
space-like interval [16]. If any two events are separated by a space-like interval, then any 
travel, that is faster-than-light, will be seen as the travelling backwards in time in some frame 
of reference [29]. A possibility, predicted by theory (i.e. the valid solutions to the respective 
equations), is the traversable wormhole or the Einstein-Rosen bridge (a hypothetical 
topological feature of the space-time) [29], which creates a “shortcut” between the distant 
points in the space-time. Actually, there is no observational evidence for the wormholes, but on 
a theoretical level such wormhole in the GR and unified geometrical field theory can be 
presented as an unusual distortion of the space-time, which has a very strong curvature and 
torsion in a highly localized region of the space-time. In order to create a wormhole, it is 
necessary to change the topology of the space-time, which can be done by using e.g. the 
Casimir-Polder force [30], based on the resonance of the vacuum energy. It would lead to a 
hypothetical closed loop in the space-time, known as a time-like curve, i.e. to a time travel.  
 
However, such travel can entail the violation of the causality principle (the cause and effect) or 
lead to time paradoxes. The causality violations are theoretically permitted as the certain 
solutions of the special relativity and GR. However, according to the Novikov’s self-
consistency principle [31], if any event exists, that would give rise to any “change” to the past 
whatsoever, which will definitely lead to the time-line change and the respective “change” to 
the future, then the probability of that event is equal to zero. In other words, the Novikov’s 
self-consistency principle asserts that there is only a single fixed history, i.e. the single totally 
fixed time-line, which is self-consistent and unchangeable, and, therefore, it is impossible to 
create the time paradoxes. It means that only the wormholes and, respectively, time travels, 
which do not lead to the time paradoxes, can be created.  
 
An example of the philosophical principle, logically equivalent to the Novikov’s principle, can 
be found in Greek mythology, in the story of Cassandra, who was given a gift of prophecy, but 
also cursed such that nobody would believe her predictions. As result, she could not change the 
present. Therefore, the time-line and the future were also unchangeable. This left Cassandra 
unable to avert any of the disastrous future events, which should happen in the future, and 
which she foresaw in her time travel to the future “within the mind”. Assume for a moment, 
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that Cassandra succeeded in persuading people that her prophecy was correct. Then people 
would probably change the present to avoid the future disaster. Subsequently, the general trend 
of the events (the time-line) would also change, and the future would develop differently. It 
means, the disastrous event would never happen in the future, and respectively there is no way 
that Cassandra in principle could not “see” it during her time travel to the future “within the 
mind” (time paradox).  
 
Another demonstration of the Novikov’s principle is the so called “grandfather paradox”, in 
which the inconsistencies emerge through changing the past. The paradox name and its 
common description mean that if somebody can travel to the past and kill his own grandfather, 
then he will prevent the existence of his father or mother, and therefore his own existence. Of 
course, despite its title, the grandfather paradox regards actually any action that can in principle 
alter the past.    
  
7. Conclusions 
  
1. General equations of the unified field theory, based on the curved and torsional space-time, 
are presented. They contain only independent geometrical parameters of the metric-affine 
space G4: metric ikg  and non-symmetric connections Γkl
i
. As result, these equations 
describe the distribution and motion of matter, which represents the curvature and torsion 
of the space-time unified geometrical field.  
2. Various types of curvature and torsion in G4 space are related to different physical fields. 
The simplest set of the non-symmetric affine connections Γkl
i
 describes the space-time with 
minimum curvature and torsion. Such “simplest” physical field is a pure gravitational field 
in vacuum. More complex sets of connections Γkl
i
 represent more complex geometries of 
the space-time and describe more complex material physical fields.  
3. Solutions of the general equations, describing spherically symmetric fields, were obtained 
for gravitational field in vacuum, massless Weyssenhoff fluid with spin, and arbitrary 
material field. The obtained results endorse the concept that metric-affine space G4 with 
curvature and torsion describes distribution and motion of matter. They also confirm 
correctness of general equations and accuracy of their spherically symmetric solutions for 
gravitational field in vacuum, because these solutions are stationary, do not contain 
singularities, and in the limit coincide with the Schwarzschild solution.   
4. Solutions of the general equations, describing the uniform isotropic fields, were obtained in 
the extreme cases for gravitational field in vacuum, massless Weyssenhoff fluid with spin, 
and arbitrary material field for the closed and open models of the Universe. The obtained 
results confirm logic of the general equations, validity of the approximate equations 
describing the extreme cases, and correctness of their respective solutions related to 
physical fields with minimum curvature and torsion – the uniform isotropic gravitational 
fields in vacuum, because these solutions do not contain singularities and are similar (at 
least, qualitatively) to the respective solutions describing other models of the Universe: 
cyclic closed model, Friedmann’s model, de Sitter model, and Big Bounce open model.  
5. It is shown that there is no necessity to quantize the obtained general equations, because 
these equations describe the evolution of matter in the most general way by taking into 
account all possible interactions between different particles and fields. Therefore these 
equations exclude probabilistic phenomena and uncertainty, and show that any physical 
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field (i.e. the respective type of the curved and torsional space-time) can be described using 
only deterministic approach.  
6. Applying the concept of the unified geometrical space-time, the hypothetical qualitative 
explanations of some “non-conventional” phenomena (telepathy, homeopathy, astrology, 
precognition, and others) have been proposed. 
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